
On the estimation of conditional
probabilities

Marco Cattaneo
Department of Statistics, LMU Munich

WPMSIIP 2012, Munich, Germany

13 September 2012



problem description

I given: probabilistic model {Pθ : θ ∈ Θ} for the random objects X and Y

I example: A

�� ��
B C

with X = A and Y = (B,C )

I given: exchangeable/independent observations

(X1,Y1) = (x1, y1), . . . (Xn,Yn) = (xn, yn)︸ ︷︷ ︸
D

,Y0 = y0

I goal: estimate P(X0 = x | D, Y0 = y0)

Marco Cattaneo @ LMU Munich On the estimation of conditional probabilities



problem description

I given: probabilistic model {Pθ : θ ∈ Θ} for the random objects X and Y

I example: A

�� ��
B C

with X = A and Y = (B,C )

I given: exchangeable/independent observations

(X1,Y1) = (x1, y1), . . . (Xn,Yn) = (xn, yn)︸ ︷︷ ︸
D

,Y0 = y0

I goal: estimate P(X0 = x | D, Y0 = y0)

Marco Cattaneo @ LMU Munich On the estimation of conditional probabilities



problem description

I given: probabilistic model {Pθ : θ ∈ Θ} for the random objects X and Y

I example: A

�� ��
B C

with X = A and Y = (B,C )

I given: exchangeable/independent observations

(X1,Y1) = (x1, y1), . . . (Xn,Yn) = (xn, yn)︸ ︷︷ ︸
D

,Y0 = y0

I goal: estimate P(X0 = x | D, Y0 = y0)

Marco Cattaneo @ LMU Munich On the estimation of conditional probabilities



problem description

I given: probabilistic model {Pθ : θ ∈ Θ} for the random objects X and Y

I example: A

�� ��
B C

with X = A and Y = (B,C )

I given: exchangeable/independent observations

(X1,Y1) = (x1, y1), . . . (Xn,Yn) = (xn, yn)︸ ︷︷ ︸
D

,Y0 = y0

I goal: estimate P(X0 = x | D, Y0 = y0)

Marco Cattaneo @ LMU Munich On the estimation of conditional probabilities



estimation of P(X0 = x | D, Y0 = y0)

I Bayesian with prior π on θ:

I if π is a conjugate prior for the probabilistic model Pθ,
then the posterior π | D can be easily calculated,
while calculation of the posterior π | (D, Y0 = y0) can be more difficult

I P(X0 = x | D, Y0 = y0) =

Eπ | D (Pθ(X0 = x , Y0 = y0))

Eπ | D (Pθ(Y0 = y0))
= Eπ | (D, Y0=y0) (Pθ(X0 = x |Y0 = y0))

I maximum likelihood:

I P̂(X0 = x | D, Y0 = y0):

Pθ̂D
(X0 = x , Y0 = y0)

Pθ̂D
(Y0 = y0)

̸= Pθ̂(D, Y0=y0)
(X0 = x |Y0 = y0)

I likelihood functions likD(θ) ∝ Pθ(D) and lik(D, Y0=y0)(θ) ∝ Pθ(D, Y0 = y0)

on Θ have maxima at the points θ̂D and θ̂(D, Y0=y0), respectively
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example
A,B,C ∈ {0, 1}

D (n = 100): A B C #

0 0 0 0
0 0 1 49
0 1 0 0
0 1 1 1
1 0 0 48
1 0 1 1
1 1 0 1
1 1 1 0

100

A

�� ��
B C

estimation of P(A0 = 1 | D, B0 = 1, C0 = 1):

lik

0

0.2

0.4

0.6

0.8

1

0.2 0.4 0.6 0.8 1

P(A0 = 1 | B0 = 1, C0 = 1)

I Bayesian with uniform priors:
P(A0 = 1 | D, B0 = 1, C0 = 1) ≈ 0.038

I maximum likelihood lik(D, B0=1, C0=1):
Pθ̂(D, B0=1, C0=1)

(A0 = 1 |B0 = 1, C0 = 1) ≈ 0.010

I maximum likelihood likD:
Pθ̂D

(A0 = 1 |B0 = 1, C0 = 1) ≈ 0.020

I imprecise Bayesian with IDM2 priors:
P(A0 = 1 | D, B0 = 1, C0 = 1) ≈ [0.0066, 0.15]
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(A0 = 1 |B0 = 1, C0 = 1) = 1

I imprecise Bayesian with IDM2 priors:
P(A0 = 1 | D, B0 = 1, C0 = 1) ≈ [0.0099, 1]
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