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Abstract. The paper studies the continuity of rules for updating im-
precise probability models when new data are observed. Discontinuities
can lead to robustness issues: this is the case for the usual updating
rules of the theory of imprecise probabilities. An alternative, continuous
updating rule is introduced.
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1 Introduction

Imprecise probability models must be updated when new information is gained.
In particular, prior (coherent) lower previsions must be updated to posterior
ones when new data are observed. Unfortunately, the usual updating rules of
the theory of imprecise probabilities have some discontinuities. These can lead
to robustness problems, because an arbitrarily small change in the prior lower
previsions can induce a substantial change in the posterior ones.

In the next section, the discontinuity of the usual updating rules is illustrated
by examples and formally studied in the framework of functional analysis. Then,
in Sect. 3, an alternative, continuous updating rule is introduced and discussed.
The final section gives directions for further research.

2 Discontinuous Updating Rules and Robustness Issues

Let {2 be a nonempty set of possible states of the world. A (bounded) uncertain
payoff depending on the true state of the world w € {2 can be represented by an
element of £, the set of all bounded real-valued functions on 2. In the Bayesian
theory, the uncertain belief or information about the true state of the world
w € {2 is described by a (finitely additive) probability measure P on {2 [1,2].
The expectation P(X) of an uncertain payoff X € L is its integral with respect
to this probability measure [3, Chap. 4]. Hence, P denotes the probability as
well as the expectation: P(A) = P(14), where 14 denotes the indicator function
of the event A C 2.
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Let P be the set of all expectation functionals P : £ — R corresponding to
integrals with respect to a (finitely additive) probability measure on (2. In the
theory of imprecise probabilities, the elements of P are called linear previsions
and are a special case of coherent lower and upper previsions. A (coherent) lower
prevision P : £ — R is the (pointwise) infimum of a nonempty set M C P of
linear previsions [4, Sect. 3.3]. Hence, a lower prevision P is determined by the
set M(P) ={P € P: P > P} of all linear previsions (pointwise) dominating it.

Let P be the set of all (coherent) lower previsions P : £ — R. The upper
prevision P : £ — R conjugate to a lower prevision P is the (pointwise) supre-
mum of M(P). Hence, P(X) = —P(—X) for all X € £, and P is linear (i.e.,
P € P C P)if and only if P = P. As in the case of linear previsions, P and
P denote also the corresponding lower and upper probabilities: P(A) = P(I4)
and P(A) = P(I4) =1 — P(A°) for all A C (2. However, contrary to the case
of linear previsions, in general these lower and upper probability values do not
completely determine the corresponding lower and upper previsions.

Linear previsions and lower (or upper) previsions are quantitative descrip-
tions of uncertain belief or information. When an event B C (2 is observed, these
descriptions must be updated. The updating is trivial when B = {2 or when B
is a singleton. Hence, in order to avoid trivial results, it is assumed that B is a
proper subset of 2 with at least two elements.

In the Bayesian theory, a linear prevision P € P with P(B) > 0 is updated
to P(-| B), the conditional linear prevision given B. That is, the integral with
respect to the probability measure P conditioned on B. When P(B) = 0, the
Bayesian updating of the linear prevision P is not defined.

In the theory of imprecise probabilities, there are two main updating rules:
natural extension and regular extension [4, Appendix J]. According to both rules,
a lower prevision P € P with P(B) > 0 is updated to the infimum P(-|B) of
all conditional linear previsions P(-| B) with P € M(P). The natural extension
updates each lower prevision P € P such that P(B) = 0 to the vacuous condi-
tional lower prevision given B. That is, the lower prevision V(- | B) such that
V(X |B) =inf,ep X(w) for all X € L, describing the complete ignorance about
w € B. By contrast, the regular extension updates a lower prevision P € P
such that P(B) > 0 to the infimum P(-|B) of all conditional linear previsions
P(-|B) with P € M(P) and P(B) > 0, and updates only the lower previsions
P € P such that P(B) = 0 to the vacuous conditional lower prevision given B.
Hence, the natural and regular extensions are always defined, and they agree for
all lower previsions P € P such that either P(B) > 0 or P(B) = 0.

Both natural and regular extensions generalize the Bayesian updating: if a
lower prevision P is linear and P(B) = P(B) > 0, then P(-| B) is the conditional
linear prevision given B. If a lower prevision P is linear and P(B) = P(B) =0,
then the conditional linear prevision given B does not exist, and both natural
and regular extensions update P to V(- | B), which is not linear. But with lower
previsions, besides the cases with P(B) and P(B) both positive or both zero,
there is also the case with P(B) > P(B) = 0. The fact that there are two
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different updating rules for this case shows that it is more challenging than the
others.

Example 1. A simple instance of discontinuity in the updating of lower and
upper previsions is the following [5, Example 2]. Let X be a function on {2
with image {1,2,3}, and let P be the lower prevision determined by the set
M(P)={P e P:P(X) >z}, where z € [1, 3]. That is, P is the lower prevision
based on the unique assessment P(X) = x.

Assume that the event B = {X # 2} is observed and the lower prevision P
must be updated. If z > 2, then P(B) = x—2 > 0, and both natural and regular
extensions update P to P(-|B), with in particular P(X | B) = z. On the other
hand, if z < 2, then P(B) = 1 > P(B) = 0, and the regular extension updates P
to P(-| B), while the natural extension updates it to V(- | B). However, P(-| B)
and V(.| B) are equal when z < 2, while they are different when a2 = 2, with in
particular P(X |B) =2 and V(X |B) = 1.

Therefore, according to both rules, the updated lower previsions of X are
discontinuous functions of x € [1,3] at # = 2. These functions are plotted as
a solid line in Fig. 1 (the other functions plotted in Fig. 1 will be discussed in
Sect. 3). Hence, inferences and decisions based on imprecise probability models
can depend in a discontinuous way from the prior assessments, and this can lead
to robustness issues [5].
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Fig. 1. Updated lower prevision P_(X | B) from Example 1 as a function of P(X) = =z,
for some values of a € (0, 1).

Ezxample 2. A more important instance of discontinuity in the updating of lower
and upper previsions is the following [6, Example 9]. Let X1, ..., X19,Y7,..., Y10
be 20 functions on {2 with image {0, 1}, and for each ¢t € (0,1), let P, € P be a
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linear prevision such that

P(X1=z1,...,X10 =210, Y1 =y1,..., Y10 = ¥Y10)
10

/1 9t—1+ %gl x; (1 _ 9)1O—t—zi:1 x;
0

do S0 e —yil 1— 103212 |z —ysl
IO —1) = (1-¢) 1

for all z1,...,210,¥1,---,¥10 € {0,1}, where ¢ € [0,1/2]. That is, P; describes a
Bayesian model in which X1, ..., X follow the beta-Bernoulli distribution with
(prior) expectation ¢ and variance t(1—t)/2, while each Y; is independent of the
other 18 variables given X; = x;, with conditional probability ¢ that Y; # x;.

Let the lower prevision P € P be the infimum of all linear previsions P;
with ¢ € (0,1), and assume that the event B = {Z?:l Y; = T} is observed.
That is, P describes an imprecise beta-Bernoulli model for X;,..., X19 with
hyperparameter s = 1 [7], but instead of the (latent) variables X;, only the proxy
variables Y; can be observed, which can be wrong with a (small) probability .
In the first 9 binary experiments, 7 successes are (possibly incorrectly) reported,
and the updated lower prevision of a success in the last experiment is the quantity
of interest.

If ¢ > 0, then P(B) > ¢'% > 0, and both natural and regular extensions
update P to P(-|B), with in particular P(X10|B) = 0 [6]. On the other hand,
if ¢ = 0, then P(B) > P(B) = 0, and the regular extension updates P to
P(-|B), while the natural extension updates it to V(- | B), with in particular
P(X10|B) =0.7 and V(X9 | B) =0 [7].

Hence, according to the natural extension, the updated lower prevision of
Xi0 is a continuous function of ¢ € [0,1/2]. However, since vacuous conditional
previsions are not very useful in statistical applications, the usual updating rule
for the imprecise beta-Bernoulli model is regular extension, according to which
the updated lower prevision of X7 is a discontinuous function of € € [0, 1/2] at
e = 0. That is, the assumption that the experimental results can be incorrectly
reported with an arbitrarily small positive probability leads to very different
conclusions than the assumption that the results are always correctly reported.
This is an important robustness problem of the imprecise beta-Bernoulli and
other similar models [6].

In order to investigate more carefully such discontinuities in the updating
of imprecise probability models, a metric on the set P of all (coherent) lower
previsions can be introduced. Lower previsions are functionals on the set £ of all
bounded real-valued functions on {2. The set £ has a natural norm, which makes
it a Banach space: the supremum norm |- ||, defined by ||X ||oc = sup e | X (w)]
for all X € £ [8, Sect. IV.5].

The set P of all linear previsions is a subset of the dual space L* of L,
consisting of all continuous linear functionals on £ [3, Sect. 4.7]. The dual space
of £ is a Banach space when endowed with the dual norm || - ||, defined by
[Fll = supxer.x|o<1 [F(X)] for all F' € L£* [8, Sect. 11.3]. The dual norm
induces a metric d on P such that the distance between two linear previsions
P P’ € P is 2 times the total variation distance between the corresponding
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(finitely additive) probability measures [8, Sect. IV.5]:

d(P,P')= sup |P(X)—P'(X) =2 sup |P(A) — P'(4)|.
XEL:||X]oo<1 ACSQ?

A lower prevision is determined by a nonempty set of linear previsions. The
Hausdorff distance between two nonempty sets M, M’ C P of linear previsions
is defined as

no_ s ’ s /
dg(M,M") = maX{PSél}\)A P}gﬁA/d(P,P )’pég\)/y Plgjf\/l d(P, P )} .

The next theorem shows that the Hausdorff distance can be used to extend d to a
metric on P, which can also be interpreted as a direct generalization of the metric
induced by the the dual norm. However, the connection with the total variation
distance is lost, because in general the lower and upper probability measures do
not completely determine the corresponding lower and upper previsions.

Theorem 1. The metric d on P can be extended to a metric on P by defining,
forall P,P' € P,

dPPY= s |P(X)—P(X)| = du (M(P), M(P))).

XeL: | X[[w<1

Proof. The first equality clearly defines a metric on P that extends the met-
ric d on P. The second equality can be shown by generalizing the proof of [9,
Theorem 2] to the case of a possibly infinite set 2. Let P, P’ € P, and define
f:(P,X)— P(X)—P(X) on M(P)x L, where P' € P. In the weak* topology,
M(P) is compact and Hausdorff [4, Appendix D], while f is continuous and con-
vex in P, and concave in X. Therefore, the minimax theorem [10, Theorem 2]
implies

inf su P(X)-P(X)| = P inf  (P(X) - P'(X)),
PeM(P) XEL:”)?HooSl‘ (%) (&)l XeL:H)?HmSl PeM(g)( (X) (X))

since the absolute value on the left-hand side has no effect, because P, P’ are
linear and X can be replaced by —X. Hence,

sup inf d(P,P')= sup sup wf  (P(X) — PI(X
PreM(P') PEM(P) ( ) XeL: [Xl|w<l Prem(P’) PEM(E)( ( ) ( ))

= sup (E(X) - E’(X)) ,
XeLl: || X]|o<1

and analogously, by exchanging the roles of P and P/,

sup inf d(P,P)= sup P(X)-P(X)),
PeM(pP) PPeM(E) ( ) Xeﬁ:\lXHocgl( &0 ( ))

from which the desired result follows. O
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The continuity of the updating rules can now be studied with respect to the
metric d on P. The next theorem shows that, contrary to Bayesian updating, the
usual updating rules of the theory of imprecise probabilities are not continuous
on the whole domain on which they are defined.

Theorem 2. The Bayesian updating rule P+ P(-|B) on {P € P: P(B) > 0}
1S continuous.

The regular extension P — P(-|B) is continuous on {P € P : P(B) > 0},
but not on {P € P: P(B) > 0}. The same holds for the natural extension.

Proof. Let g: P — L* and h : P — R be the two functions that are defined by
g(P) = P(-1Ig) and h(P) = P(B), respectively, for all P € P. The functions g, h
are uniformly continuous with respect to the dual and Euclidean norms, respec-
tively, since |P(-Ig) — P'(-1p)|| < d(P, P') and |P(B) — P'(B)| < Y/2d(P, P’)
for all P, P’ € P. Hence, their ratio 9/n : P — P(-|B) is continuous on the set
{P € P: P(B) > 0}, and uniformly continuous on the set {P € P : P(B) > a},
for all v € (0,1).

For each a € (0,1), let S, be the power set of {P € P: P(B) > a}. The
uniform continuity of P — P(-|B) on {P € P : P(B) > a} implies the uniform
continuity of M — {P(-| B) : P € M} on §,\{@} with respect to the Hausdorff
pseudometric dg, for all a € (0,1).

Therefore, in order to complete the proof of the continuity of P — P(-|B)
on {P € P: P(B) > 0}, it suffices to show that the sets {P(-|B): P € M(P)}
and M (P(-|B)) are equal for all P € P such that P(B) > 0. That is, it suffices
to show that {P(-|B): P € M(P)} is nonempty, weak*-compact, and convex,
for all P € P such that P(B) > 0 [4, Sect. 3.6], but this is implied by the fact
that the function P +— P(-|B) on {P € P : P(B) > 0} is weak*-continuous and
maintains segments [11, Theorem 2].

Finally, let X be a function on {2 with image {1, 2, 3} such that B = {X # 2},
and for each x € [1, 3], let P, be the lower prevision based on the unique assess-
ment P, (X) = z. Example 1 implies that both regular and natural extensions
updating of P, are discontinuous functions of = € [1,3] at © = 2. Hence, in
order to prove that both regular and natural extensions are not continuous on
{P e P:P(B) >0}, it suffices to show that the function 2 — P, on [1,3] is
continuous.

Let z,z" € [1,3] with z < 2’. For each P € P such that z < P(X) < 2/,
another P’ € P with P'(X) = 2’ and d(P,P’) < 2(2’ — z) can be obtained
by moving some probability mass from {X # 3} to {X = 3}. Therefore,
dg (M(P,), M(P,)) < 2(z' — z), and the function z — P, on [1,3] is thus

continuous. O

Hence, the case with P(B) > P(B) = 0 is a source of discontinuity in the
usual updating rules of the theory of imprecise probabilities. Unfortunately, this
case is very common and leads to robustness issues in practical applications of the
theory, such as the ones based on the imprecise beta-Bernoulli model discussed
in Example 2. In the next section, an alternative updating rule avoiding these
difficulties is introduced.
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3 A Continuous Updating Rule

The discontinuities of the regular extension when P(B) > P(B) = 0 are due
to the fact that in this case M(P) contains linear previsions P with arbitrarily
small P(B), so that their updating P — P(-| B) is arbitrarily sensitive to small
changes in P. However, these linear previsions are almost refuted by the observed
data B. In fact, in a hierarchical Bayesian model with a second-order probability
measure on M(P), the linear previsions P € M(P) with arbitrarily small P(B)
would not pose a problem for the updating, since they would be downweighted
by the (second-order) likelihood function P — P(B). Theorem 2 implies that the
updating of such a hierarchical Bayesian model would be continuous, if possible
(i.e., if the second-order probability measure is not concentrated on the linear
previsions P € M(P) with P(B) = 0).

The regular extension updates a lower prevision P € P such that P(B) > 0
by conditioning on B all linear previsions P € M(P) with positive likelihood
P(B). A simple way to define an alternative updating rule avoiding the discon-
tinuities of the regular extension is to discard not only the linear previsions with
zero likelihood, but also the too unlikely ones. The a-cut rule updates each lower
prevision P € P such that P(B) > 0 to the infimum P_(-| B) of all conditional
linear previsions P(- | B) with P € M(P) and P(B) > o P(B), where a € (0,1).
That is, the linear previsions whose (relative) likelihood is below the threshold «
are discarded from the set M(P), before conditioning on B all linear previsions
in this set. Hence, the a-cut updating corresponds to the natural and regular
extensions when P(B) > o P(B) > 0, and thus in particular it generalizes the
Bayesian updating.

From the standpoint of the theory of imprecise probabilities, the a-cut updat-
ing rule consists in replacing the lower prevision P by P, before updating it by
regular extension (or natural extension, since they agree in this case), where the
lower prevision P, is obtained from P by including the unique additional assess-
ment P, (B) > a P(B). That is, M(P,) = M(P)N{P € P: P(B) > a P(B)}.
Updating rules similar to the a-cut have been suggested in the literature on
imprecise probabilities [12,13,14,15]. When P(B) > 0, the regular extension
P(-|B) is the limit of the a-cut updated lower prevision P (-| B) as « tends to
0. Furthermore, when {2 is finite and P corresponds to a belief function on {2, the
limit of the a-cut updated lower prevision P (| B) as « tends to 1 corresponds
to the result of Dempster’s rule of conditioning [16,12].

Ezample 1 (continued). Since P(B) = 1, the a-cut updating of P is well-defined,
and M(P,) = {Pe€P:P(X)>zand P(B) > a}. Therefore, P, and P are
equal if and only if > 2+ «. However, P_(-| B) and P(-| B) can be equal also
when P, and P are not, and in fact, P,(-|B) and P(-|B) differ if and only
if 2 —a < z < 2. That is, the a-cut updating of P corresponds to the regular
extension updating when = ¢ (2 — «, 2) (and thus also to the natural extension
updating when z ¢ (2—a, 2]), with in particular P (X | B) = 0 when z < 2—a,
and P (X |B) =z when ¢ > 2. If 2 — a < z < 2, then the a-cut updating
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of P differs from the natural or regular extensions updating, with in particular
Po(X|B) = tfa+2 —2a.

Hence, the updated lower prevision P, (X | B) is a continuous, piecewise lin-
ear function of = € [1, 3], which is plotted in Fig. 1 for some values of o € (0, 1).
Since the slope of the central line segment is 1/a, the limit as « tends to 0 leads
to the discontinuity of the regular extension P(X | B) at z = 2.

Example 2 (continued). Since P(B) > 0, the a-cut updating of P is well-defined.
The explicit consideration of P, is not necessary for calculating P, (X1 | B). In
fact, the (relative) profile likelihood function

P(B

Aip— sup —_—t
PEM(P): P(B)>0, P(X1o | B)=p P(B)

~—

on [0, 1] can be easily obtained [11, Theorem 3|, and P, (X0 | B) = inf{\ > a}.
That is, P, (X10|B) is the infimum of the a-cut of the profile likelihood A,
consisting of all p € [0, 1] such that A(p) > «a.

The (relative) profile likelihood function A is plotted in Fig. 2 for some values
of e € [0,1/2], together with the threshold aw = 0.01. In particular, P 4;(X10 | B)
has approximately the values 0.701, 0.704, 0.718, and 0.727, when ¢ is 0, 0.01,
0.05, and 0.1, respectively. Hence, there is no hint of any discontinuity of the
updated lower prevision P, (X1 |B) as a function of € € [0, 1/2].

1.0

0.8

0.6
|

0.4

0.2

0.0
|

Fig. 2. Profile likelihood function of P(Xio|B) from Example 2, for some values of
e €10,1/2].

The next theorem shows that, contrary to the usual updating rules of the
theory of imprecise probabilities, the a-cut updating rule is continuous on the
set of all lower previsions P with P(B) > 0, and thus avoids the robustness
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issues related to discontinuity of updating. Moreover, the a-cut rule has the huge
advantage of allowing to use the vacuous prevision as prior imprecise prevision
in statistical analyses, and still get non-trivial conclusions, while this is not
possible with the natural or regular extensions. For these reasons, the a-cut
updating rule has been successfully used in several practical applications of the
theory of imprecise probabilities [17,18,19].

Theorem 3. The a-cut updating rule P~ P, (-|B) on {P € P: P(B) >0}
is continuous for all a € (0,1).

Proof. The a-cut updating rule is the composition of the two functions P — P,
on {PeP:P(B)>0}and P+~ P(-|B) on {P € P:P(B)>0}. Theorem 2
implies that the latter is continuous, so only the continuity of the former remains
to be proved.

Let § € Ry andlet P, P’ € {BH €P:P'(B)> O} such that d(P, P') < 6. If
P e M(P,), then P € M(P), and thus there isa P’ € M(P') with d(P, P") < 4.
Moreover, there is also a P’ € M(P') such that P”(B) = P'(B) [4, Sect. 3.6].
Finally, define Ps = v P’ + (1 — v) P”, where

2(1 —a)P'(B)
2(1—a)P'(B)+ (a+1)§

Then Ps € M(P.), since M(P') is convex, and Ps(B) > a P'(B) is implied by
P'(B) > P(B) —%/2 > a P(B) — ¢/2 > a (P'(B) — §/2) — 9/2. That is, for each
P e M(P,), there is a Ps € M(P.) such that d(P,Ps) <vd+ (1 —7)2.

Since the roles of P and P’ can be exchanged, d(P,,, P.) < v+ (1—~)2, and
therefore the function P — P, on {B €P:P(B)> O} is continuous, because
lims o (y0 4+ (1 —~)2) =0. O

"}/:

4 Conclusion

In the present paper, the a-cut updating rule for imprecise probability models
has been introduced. It is continuous and allows to use the vacuous prevision as
prior imprecise prevision in statistical analyses. Therefore, it avoids the robust-
ness problems of the usual updating rules of the theory of imprecise probabilities,
and the difficulties related to the choice of near-ignorance priors.

As a consequence, the a-cut rule cannot always satisfy the property of coher-
ence between conditional and unconditional previsions [20], since this property
is incompatible with both the continuity of the updating and the successful use
of vacuous priors in statistical analyses. The relative importance of these proper-
ties depends on the application field and on the exact interpretation of imprecise
probabilities, as will be discussed in future work.

Anyway, the a-cut updating rule is not iteratively consistent. That is, when
the updating is done in several steps, the order in which the data come in can
influence the result. This iterative inconsistency can be resolved if the imprecise
probability models are generalized by including also the second-order likelihood
functions as part of the models [21,11]. The corresponding generalization of the
a-cut updating rule remains continuous, as will also be discussed in future work.
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